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We propose a class of curvaton models which we call passive curvaton. In this Letter, two kinds of passive
curvaton are considered. The ﬁrst one is a pseudoscalar curvaton coupling to a gauge ﬁeld. Different
from the inﬂaton case, the constraint from formation of primordial black holes (PBHs) is much weaker
and large non-Gaussianity (of the equiliteral type) can be produced. The second model is a dilaton-like
scalar curvaton coupling to a gauge ﬁeld. We investigate the scale dependence of non-Gaussianity in this
model. In both models, the spectrum and non-Gaussianity are enhanced by the slow-roll parameter of
the curvaton ﬁeld. Other possible passive curvaton models are also mentioned.
© 2013 Elsevier B.V. Open access under CC BY license.1. Introduction
Inﬂation has became very popular as a theory of the very early
universe (for a textbook, see [1] and references therein). Unfortu-
nately we still do not really know what causes inﬂation or what is
the inﬂaton if inﬂation is driven by a scalar ﬁeld. For single-ﬁeld
inﬂation case, the universe is well-described by the ‘separate uni-
verse’ approach [2]. Namely each Hubble patch can be regarded as
a small Friedmann–Roberson–Walker (FRW) universe and each of
them ‘looks the same’ (adiabatic condition) in spite of a possible
‘time shift’ of its history.1 The ‘difference’ of the number of e-folds
of their evolution would correspond to the curvature perturba-
tion (so-called δN formalism [3,4], see [5] for a recent review).
In this picture curvature perturbation is a constant (to any order
of perturbation theory) on super-horizon scales due to the iden-
tity of each of the ‘small universe’. Indeed, if each small universe
evolves in the same way, intuitively an extra number of e-folds
is not going to change with time. However, this picture can be
changed if there exists another ﬁeld, say a curvaton. Intuitively
the independent ﬂuctuation of the curvaton ﬁeld will give to each
of the small universe an additional (and independent) contribu-
tion of energy density therefore they are not identical anymore
(non-adiabatic) and the super-horizon curvature perturbation will
evolve with time. If the condition is properly chosen, the curvature
perturbation will increase from practically zero to the value we
need to explain CMB temperature ﬂuctuation and primordial den-
sity perturbation. This is what happens in the case of the curvaton
scenario [6–8]. Therefore initially the ﬂuctuation of the curvaton
E-mail address: cmlin@boar.kobe-u.ac.jp.
1 This is an intuitive way of explanation but of course we actually have to be
careful about the issue of gauge in general relativity.0370-2693© 2013 Elsevier B.V.
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Open access under CC BY license.corresponds to isocurvature perturbation (which means no curva-
ture perturbation) at the beginning and ﬁnally the isocurvature
perturbation is transformed to curvature perturbation.
For single-ﬁeld slow-roll inﬂation with inﬂaton ﬁeld φ, the
spectrum is given by
P1/2 = ζ = H
φ˙
δφ = 1
2
√
6πM2P
√
V

, (1)
where the slow-roll parameter is
 ≡ M
2
P
2
(
V ,φ
V
)2
, (2)
and MP = 2.4× 1018 GeV is the reduced Planck scale.
On the other hand, for a curvaton ﬁeld σ ,
P1/2 ≡ r δσ
σ
= rησ H
σ˙
δσ , (3)
where σ is the ﬁeld value of curvaton at horizon exit and 0.01
r  1 is roughly the ratio of the curvaton energy density to the
total energy density of the universe when it decays.2 The lower
bound of r is from the constraint of non-Gaussianity of Cosmic
Microwave Background (CMB) from WMAP [9]. The second equality
in Eq. (3) holds for a quadratic potential of σ with mass m and
ησ ≡ m2/3H2 being a slow-roll parameter of the curvaton. This
form will become useful in the following sections.
2 In order to simplify the expression of equations, in this Letter we deﬁne r ≡
2
3Ω , where Ω ≡ 3ρσ4ργ +3ρσ in which ργ and ρσ respectively denote energy density
of radiation γ and curvaton at curvaton decay. In many literatures, r is used for Ω .
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Let us consider a curvaton ﬁeld σ coupling to a certain quan-
tum ﬁeld χ . The Lagrangian that is relevant to σ is given by
L= 1
2
gμν∂μσ∂νσ − V (σ ) +LI (σ ,χ), (4)
where V is the curvaton potential, LI is the interaction term, and
the metric is
ds2 = dt2 − a2(t)dx2 = a2 (dτ 2 − dx2), (5)
where τ is the conformal time. The equations of motion for the
mean ﬁelds are then given by
σ¨ + 3Hσ˙ + V ′ = ∂LI
∂σ
, (6)
where ρχ is the energy density of χ particles, the dot and the
prime denote differentiating with respect to t and σ respectively.
In Eq. (6), the right hand side of the equation is the back reac-
tion of the interaction to the inﬂaton mean ﬁeld. The back reaction
arises due to copious production of χ quanta during inﬂation.
In addition, the ﬂuctuations of σ satisfy
¨δσ + 3H ˙δσ − ∇
2
a2
δσ + V ′′δσ = δ
(
∂LI
∂σ
)
. (7)
The homogeneous solution of this ﬂuctuation equation gives rise
to the standard primordial density ﬂuctuations. Here we call them
as active ﬂuctuations and denote their power spectrum by Pa . The
right hand side of Eq. (7), which comes from the ﬂuctuations of
the back reaction, acts as a source for generating additional ﬂuctu-
ations of φ. The particular solution of Eq. (7) with the source term
is referred as passive ﬂuctuations and the power spectrum is de-
noted by P p . Hence, from Eq. (3) the total power spectrum is given
by the contributions from both active ﬂuctuations and passive ﬂuc-
tuations as
P = Pa + P p =
(
r
σ
)2〈|δσk|2〉, (8)
where δσk is the Fourier mode of δσ and Pa is given by
Pa =
(
r
σ
)2( H
2π
)2
. (9)
For comparison, for an inﬂaton we would have (from Eq. (1))
P = Pa + P p =
(
H
φ˙
)2〈|δφk|2〉, (10)
One beneﬁt to consider the curvaton scenario is, different from the
inﬂaton case in Eq. (7), that we do not need to worry about the
effect of scalar metric perturbations because the energy density of
the curvaton is subdominant at horizon exit and the ﬂuctuation
corresponds to isocurvature perturbation.
3. Pseudoscalar curvaton
For our ﬁrst example, we consider the case in which the curva-
ton σ is a pseudo Nambu–Goldstone boson (PNGB) with a typical
potential after the shift symmetry is broken,
V (σ ) = Λ4[1− cos(σ/ f )], (11)
where Λ is a mass scale and f is the axion decay constant. We
consider a coupling to a gauge ﬁeld given byLI = − α
4 f
σ Fμν F˜μν, (12)
where Fμν = ∂μAν − ∂ν Aμ is the ﬁeld strength associated to some
U (1) gauge ﬁeld Aμ and F˜μν is its dual. For simplicity, we ap-
proximate Eq. (11) by a quadratic potential V = m2φ2/2 with
m = Λ2/ f which is a good approximation when φ  f .
In order to calculate the spectrum, we substitute Eq. (12) into
Eq. (7) and obtain[
∂2
∂τ 2
+ 2H ∂
∂τ
− ∇2 + a2m2
]
δσ (τ ,x)
= a2α
f
(E · B − 〈E · B〉), (13)
where we have used conformal time τ and H ≡ da/(adτ ). The
homogeneous solution corresponds to active ﬂuctuation and the
particular solution corresponds to passive ﬂuctuation. Working in
Coulomb gauge, the circular polarization modes obey [10][
∂2
∂τ 2
+ k2 ± 2kξ
τ
]
A±(τ ,k) = 0, (14)
where
ξ ≡ σ˙ α
2H f
, (15)
and dot denotes differentiation with respect to t . There is a growth
solution of ﬂuctuations described by [10]
A+(τ ,k)
1√
2k
(
k
2ξaH
)1/4
eπξ−2
√
2ξk/(aH). (16)
This expression is valid for ξ O(1).
For the inﬂaton case,3 equation similar to Eq. (13) has been
solved [11,12]4 by using Eq. (16) and the spectrum is (approxi-
mately) given by5
P = Pa
(
1+ 7.5× 10−5 H
2
4π2
(
α
2 f
)2 1
ξ2
e4πξ
ξ6
)
, (17)
where
Pa =
(
H2
2πφ˙
)2
(18)
is the active spectrum and
ξ ≡ φ˙α
2H f
=
√

2
αMP
f
. (19)
We can relate Eqs. (18) and (19) via
Pa = H
2
4π2
(
α
2 f
)2 1
ξ2
(20)
and write Eq. (17) as
P = Pa
(
1+ 7.5× 10−5Pa e
4πξ
ξ6
)
. (21)
3 In this Letter, the inﬂaton case refers to the case where χ couples to the inﬂa-
ton instead of curvaton.
4 The calculation is rather lengthy and there is no point to repeat it here. We
refer the reader to the original references.
5 We use the same notation for the inﬂaton case and curvaton case for com-
parison, but it should be clear through the context concerning which one we are
referring to.
24 C.-M. Lin / Physics Letters B 724 (2013) 22–26However, this result cannot be applied directly to curvaton. The
reason is that the second equality of Eq. (19) no longer holds true
because curvaton does not drive inﬂation. This fact will make a
crucial difference between curvaton and inﬂaton cases.
The active spectrum of curvaton is given by Eqs. (3) and (26) as
Pa = r2η2 H
4
4π2σ˙ 2
. (22)
The relation between curvaton active spectrum and ξ is
Pa
r2η2σ
= H
2
4π2
(
α
2 f
)2 1
ξ2
. (23)
Note that this form is different from Eq. (20). The spectrum of the
curvaton is given by substituting Eq. (23) into Eq. (17) with Pa
which is given by Eq. (22),
P = Pa
(
1+ 7.5× 10
−5
r2η2σ
Pa
e4πξ
ξ6
)
. (24)
The reason that Eq. (17) can be used here for the curvaton (with
different Pa) is because the ﬁeld ﬂuctuation satisﬁes the same
equation. The way to ‘convert’ the spectrum of ﬁeld ﬂuctuation to
the spectrum of curvature perturbation is different between inﬂa-
ton and curvaton cases (see Eqs. (8) and (10)).
The three point function 〈ζ 3〉 is proportional to the cube of the
particular solution of Eq. (13) which is proportional to (α/ f ) from
the source term on the right hand side, namely we would have
〈ζ 3〉 ∝ (α/ f )3. More precisely, it is given by [12]
〈
ζ 3
〉∼ 3
10
(2π)5/2P3/2a
1
ξ3
H3
8π3
(
α
2 f
)3 2.8× 10−7
ξ9
e6πξ (25)
≡ 3
10
(2π)5/2 fNL P
2. (26)
In this case the curvature perturbations arise from the three point
function of curvaton ﬁeld ﬂuctuation at horizon crossing, therefore
the shape of non-Gaussianity is equilateral. By using Eq. (23) to
write (α/ f ) in terms of Pa , we expect to have 〈ζ 3〉 ∝ (1/rησ )3.
From Eqs. (25) and (26), after imposing CMB normalization P =
5× 10−5 [9] we obtain
f equilNL ∼ 4.4× 1010
P3a
r3η3σ
e6πξ
ξ9
. (27)
As we can see from Eq. (24), the passive ﬂuctuation (corre-
sponds to the second term) in the curvaton case is enhanced by
the slow-roll parameter ησ and r. However, in general ξ is ex-
pected to be smaller than in the inﬂaton case because the Hubble
parameter is determined by the inﬂaton potential instead of the
curvaton potential therefore the enhancement is not necessarily
large. But it does imply that the effect of passive ﬂuctuation can
still be signiﬁcant with a relatively smaller ξ compared with the
inﬂaton case.
As pointed out by [13], for the inﬂaton case, primordial black
holes may form. It can be seen from Eq. (19) that ξ which appears
in the exponent of passive ﬂuctuation is proportional to
√
 . How-
ever, for the active ﬂuctuation of inﬂaton, as shown in Eq. (1), it is
proportional to the inverse of
√
 . In order to have slow-roll inﬂa-
tion at all, we need   1 during inﬂation. But inﬂation must come
to an end therefore  is expected to increase toward the end of in-
ﬂation. This implies although it is diﬃcult to have PBH formation
from active ﬂuctuation, it would be possible for passive ﬂuctua-
tion. The constraints from PBH formation could be stronger than
non-Gaussianity which means non-Gaussianity may be negligible.
However, this is not the case for the curvaton because there is
no direct relation between ξ and  like in Eq. (19) and unless σ˙increases dramatically near the end of inﬂation which is not ex-
pected to happen, PBH will not form and large equiliteral shape
non-Gaussianity can appear without constraint from PBH forma-
tion.
4. Scalar curvaton
For a second example of passive curvaton, we consider
LI = − I
2(σ )
4
Fμν Fμν, (28)
where I(σ ) plays the role of a ﬁeld dependent gauge coupling.
Now the equation we need to solve is[
∂2
∂τ 2
+ 2H ∂
∂τ
− ∇2 + a2m2
]
δσ (τ ,x) = a2 I,σ
I
[E2 − B2]. (29)
This is more diﬃcult to solve than Eq. (13) because the source
term contains function of σ . The inﬂaton case is considered in [14].
However, because the inﬂaton dominates the energy density of the
universe during horizon exit, the ﬂuctuation of the inﬂaton causes
ﬂuctuation of the metric tensor therefore Eq. (29) have to be re-
placed by a more complicated version to take care of the metric
perturbation.
For the inﬂaton case, in order to simplify the calculation,
we can choose the inﬂaton potential V (φ) = M2φ2/2 and I ∝
exp(−φ2) to make I ∝ a2. For the curvaton case, we may assume
both the inﬂaton potential and curvaton potential are quadratic,
therefore we have 3H φ˙ = −Mφ and 3Hσ˙ = −mσ and by dividing
two equations to eliminate t we can show φ ∝ σ . Consequently
we might also choose I ∝ exp(−σ 2) to make I ∝ a2. This simpliﬁ-
cation also allows us to solve the vector modes. This exponential
form (dilaton-like interaction) of I is typical in string theory and
supergravity. For the inﬂaton case we have
I,φ
I
= I˙
Iφ˙
= 2H
φ˙
= 4πMP
H
P1/2a =
√
2

, (30)
where we have used I ∝ a2. Once again the last equality does not
hold for the curvaton and we have
I,σ
I
= I˙
Iσ˙
= 2H
σ˙
= 4πMP
H
P1/2a
rησ
. (31)
From Eq. (29), we can see that this difference makes the source
term and the particular solution which corresponds to passive ﬂuc-
tuation is different.
The curvature perturbation in the inﬂaton case is given by [14]
P = Pa
[
1+ 192PaN2(Ntot − N)
]
. (32)
The suppression by powers of the factor Pa  1 arises because
we are considering the higher order perturbation. The factors of
N arise due to the growth of inﬂaton ﬁeld ﬂuctuation outside the
horizon sourced by the gauge ﬁeld ﬂuctuation and the factor Ntot−
N is related to the phase space of gauge ﬁeld ﬂuctuation. Note
that this super-horizon growth does not happen to pseudoscalar
curvaton (or inﬂaton) due to different equations of motion.
For curvaton, the two point function of passive ﬂuctuation is
proportional to the square of the source term on the right hand
side of Eq. (29). Therefore we have an extra factor of (1/rησ )2 for
the curvature perturbation according to Eq. (31), namely
P = Pa
[
1+ 192
r2η2σ
PaN
2(Ntot − N)
]
. (33)
Similarly, the three point function is proportional to the cube
of the source term on the right hand side of Eq. (29). Therefore for
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the web version) line corresponds to Ntot = 200 and the lower (purple in the web
version) line corresponds to Ntot = 100.
the inﬂaton case, we expect 〈ζ 3〉 ∝ (√2/)3 as can be seen from
Eq. (30). More precisely we have
〈
ζ 3
〉∼ (2π)3P3/2a × 278π9/2 H6
(√
2

)3
N3(Ntot − N)
= (2π)3P3a144
√
2
π
N3(Ntot − N). (34)
The factor N3 is due to the super-horizon growth of the three
modes used in computing the three point function. The factor
Ntot − N is again due to the phase space of gauge ﬁeld ﬂuctuation.
For curvaton the source term is given by Eq. (31) and we have
〈
ζ 3
〉∼ (2π)3( Pa
rησ
)3
144
√
2
π
N3(Ntot − N). (35)
In this case, due to the super-horizon growth of the (nonlinear)
curvaton ﬁeld ﬂuctuation, the non-Gaussianity is close to a local
shape. Comparing this with the deﬁnition of fNL as in Eq. (26), we
obtain6
f equiv. localNL =
0.7
r3η3σ
(
N
60
)3
(Ntot − N), (36)
where we have used CMB normalization P ∼ Pa = (5× 10−5)2.
Again for the curvaton case, the passive ﬂuctuation is enhanced
by ησ and r. However, for N ∼ 60, the requirement that the ﬁrst
(standard) term in Eq. (33) dominates implies that about Ntot <
600 for the inﬂaton case and Ntot < 600r2η2σ for the curvaton case.
The constraint of total number of e-folds becomes more severe
for the curvaton case. We plot the result in Fig. 1. As we can see
from the plot, the current constraint of non-Gaussianity fNL  100
from WMAP [9] requires Ntot < 200 for rησ ∼ 1 and getting more
severely for smaller rησ . The plot also suggests possibility to have
a large running of fNL .
However, it can be easily checked that in this case PBH is not
generated near the end of inﬂation. Indeed when N ∼ 0 the second
term in Eq. (33) vanishes.
For the case of scalar curvaton, although we do not have PBHs
formation after inﬂation, as the inﬂaton case in [14], large running
of non-Gaussianity may be possible. We will investigate this issue
in more detail with recent observational constraints.
6 To be precise, here the non-Gaussianity is not exactly of a local shape and
f equiv. localNL is the “equivalent” local nonlinearity parameter. It is deﬁned so that
the average is equal to the local shape non-Gaussianity. We have to use fNL =
(3/4) f equiv. localNL in order to obtain the correct numerical factor [14].Fig. 2. Running of non-Gaussianity at horizon exit corresponds to number of e-
folds N . The upper (blue in the web version) line corresponds to Ntot = 200 and
the lower (purple in the web version) line corresponds to Ntot = 100.
If we allow the scale dependence of non-Gaussianity, fNL can
be parameterised by using the running index n as
fNL(k) ∝ kn, (37)
or
n = d ln fNL
d lnk
= 1
fNL
dfNL
dN
. (38)
By using Eqs. (36) and (38), we can calculate n and the result is
shown in Fig. 2. For N ∼ 60 the result of running is quite predictive
and does not depend on rησ . We obtain roughly 0.01  n  0.1
and 30  fNL  100 for 100  Ntot  200. Although WMAP team
assumes a scale independent fNL , it is possible to analyse the data
assuming varying fNL . It is shown in [15] that WMAP data al-
lows running of non-Gaussianity as large as n ∼ 0.17 with fNL ∼ 50
which is quite close to the result obtained here. The constraint is
expected to be improved in near future for example by PLANCK
satellite.
5. Other possibilities
The idea of passive curvaton is not restricted to curvaton cou-
pling to gauge ﬁeld. We can consider for example [16–19],
LI = g2
∑
i
(σ − σi)2χ2i , (39)
where g is a coupling constant and σi is a constant ﬁeld value.
When σ rolls down to each trapping point at σi , the χi particles
become instantaneously massless and are produced with a num-
ber density that increases with σ ’s velocity. As σ dumps its kinetic
energy into the χi particles, it is slowed down and the produced
χi particles are diluted due to the inﬂationary expansion. How-
ever, due to the non-trivial time evolution of σ , we cannot apply
Eq. (3) directly. It would be interesting to consider the details of
this model, but we will not pursue it in the current work.
Another possible direction is to consider models which involve
only gravitational interaction without a direct non-gravitational LI
between curvaton and other quantum ﬁelds. For example we can
consider the effect of quantum stress tensor ﬂuctuations [20,21].
6. Conclusion and discussion
In this Letter we consider two models of passive curvaton.
The ﬁrst one is a pseudoscalar curvaton and the second one is a
7 To be more accurate, n = 0.3+1.9−1.2 at 95% conﬁdence.
26 C.-M. Lin / Physics Letters B 724 (2013) 22–26dilaton-like scalar curvaton. We compare the models to the cases
where the gauge ﬁeld couples to an inﬂaton. We found in general
the passive ﬂuctuation is enhanced by the slow-roll parameter of
the curvaton. In the ﬁrst case, PBH is not expected to form after in-
ﬂation and non-Gaussianity can well be large. In the second case,
we analyse the running of non-Gaussianity.
Passive curvaton in principle can also be applied to the case
of inﬂating curvaton [22] (see also [23,24].) The original inﬂating
curvaton scenario predicts negligible non-Gaussianity because the
curvaton dominates the energy density of the universe soon after
curvaton start to inﬂate. However, the idea of passive curvaton can
generate non-Gaussianity for inﬂating curvaton.
For simplicity, we only considered curvaton ﬁeld ﬂuctuation to
the ﬁrst order. However, in principle if we consider the ﬂuctuation
of curvaton ﬁeld to the second order of ﬁeld ﬂuctuation, Eq. (3)
would become
ζ = r
(
δσ
σ
+ 3
5
fNLr
(
δσ
σ
)2)
, (40)
where
fNL = 5
6r
− 5
3
− 5
4
r, (41)
represents contribution of the higher order ﬂuctuation of δσ which
contains both active and passive ﬂuctuations. Because passive ﬂuc-
tuation is subdominant, fNL roughly corresponds to the contri-
bution of local shape non-Gaussianity from active ﬂuctuation. In
addition to that, there will also be cross term between active and
passive ﬂuctuations, and the higher order term from passive ﬂuc-
tuations. This can result in non-Gaussianity of a complicated shape
which might provide an interesting signal to distinguish our model
from others, however the effect will be subdominant and unlikely
to be observed in the near future.
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